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STRUCTURES OF THE DIFFERENCE-TYPE SOLUTIONS OF THE AXISYMMETRIC PROBLEMS
FOR ELASTIC BODIES OF FINITE DIMENSIONS

V.L. RVACHEV and N.S. SINEKOP

Structures of solutions of the first and mixed fundamental problem of the theory of
elasticity are constructed for solids of revolution of finite dimensions. The
structural formulas are represented by differential operators, which are later re-
placed by difference operators. Special type contraction formulas are used, con-
structed with the help of equations, describing the region boundaries, normalized to
the first order.

1. Problems of the theory of elasticity can be reduced to integrating the Lamé equations
with the corresponding boundary conditions /1/:
a) first fundamental problem

oy = [°(r,2), w=Ff(@2), (2= (1.1)
b) mixed problem

s =8."(r2), u,=g"°(r,2), (r,2) e o9 (1.2)

oy = f,°(r, 2), =v= a2 (r, 2), (r,2) = 09, (1.3)

Here u, and u, are components of the displacement vector, oy, Tty denote the normal and shear
stress, f° f,’, &, & are given functions and @2 is the boundary of the elastic body Q (62 =
02, U #Q,). The left-hand parts of the relations (1.1), (1.3) can be written in terms of the
components u, and u, as follows:

Gv=(7~+2u)( l+é,v )Jr?»( m———l+ ) (1.4)
ou u u
Tv=p<——a—v1-m—a—vzl+a—;l+—ér-’m)

where v and T is the outward normal and tangent to AR, and [, m are the direction cosines of
the normal. We assume that the principal vector and principal moment of the elastic systems
under consideration are both zero.

Let us construct the structures of solutions to the above problems, i.e. let us find the
expressions for the displacement vector components in such a form, that the correspondingbound-
ary conditions are satisfied exactly. Following /2/, we denote by o (r,z) =0 the equation for

dQ normalized to the first order, i.e.

0loe = 0, | Vo lag = 0w/0v |se = 1 (1.5)

The operators D, and T, introduced in /2/

dw 48 dw @ o A [
D=5 tams = wt%a (1.6)
are defined in the region Q |J 42, and the following formulas hold for them on d:
of .9
Df=—L, rj=2L, Dief)=f Tiwh=0 (1.7)

D\F ()= ZDltl?Ft), fEC(Q), Feot

(t(r,zj=1[t1(r,2), 12 (1, 2)})
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In what follows, we shall utilize the following formulas /3/:

@ — 1) f(r, 2) = — oD (r,2) + O (0% (1.8)
Q=1 f(r,2) = — olyf(r,2) + 0 (0?)

h=o(_,2) —o{,2,k=0(,2)—0@ 1)

h = (h,, hz)7 T = (—h:, hr)

th (re z) = f (r ":L‘ hrv 4 + hz)v Q'tf ((rv Z) = f(’ - h:- s + h’r)

Ty =1 Y0 (r2), zx=z1Y,0(,z2)

Let us introduce the contraction formulas
ehp(s, Dy (L(_sf,ﬁ)) ® (L(s o (1.9)
s=r,z,9q=r,2,0;, p=r,z
L(i,’,,'; = (r 4 1/29% o 2. L;‘;f: =(r,z +? 0“ )
LY = (r &= Yoy, 2), LR = (r, 2 & Yhy)
It can be shown for (1.9) that

o do do

(8, @) __
D,th =39 r (1.10)
Using the properties (1.7) of the operator D,, we can write
( ‘ oo . ) (Lfﬁ:’l)) do (LS, q)) .
e“ D =D, o (LY q> w(Lf,;:v)] =D (L_};; ) — D (L3 9) = r — e -+
S0 (L(_"ﬁ;)) X (L(f,;:)) ] P . . q)[ I (L;; Dy G (Lg's’;_:)) ]
T &% 5z — 2 Dy, 5 T o
and similarly
20 (LG 20 (L3 ] 5,
D 085 0) — . _ ——
hy ar or ar
dw (L(_S,-‘;”) 00 (L(f,;g)) do 1 [am (L<_’,;S>) o (L :)’)) ] 6
[23 - 3z 9z __Z—D‘hp ds + as v Dip=— dp Do

Passing to the limit in the expressions obtained as o (r,z)-»0 and taking into account the fact
that o {r,2z) has continuous derivatives, we obtain

o 1) 0w
Dxeff,; ) J—— Dleslz c) ks 1e(o 0 . Dyhp —— Frall Dyhy = — T (1.11)

from which we can obtain (1.10) by direct substitution. Using the formula (1.10), we obtain

(s, @) 'dw dw dw
O, =—0 -5 T0©)

and following the methods of /3/ we write the difference operators

(P — Dfr, ) =— 052 S Difr,5) + 0 (@) (1.12)
@2 — 1)) =—0—e 5 o Tof (r2) + O (o)

Qo 9f (r,2) = f (r + 0,9, 2 + 05, D)
Q9 (r,2) = 1 (r — Br, &9, 2+ By, 9)

2. Wwe find here the structure of the solution of the first fundamental problem. Using the
operators (1.6), we extend the boundary conditions (1.1) to the region &

f) a ) u,
O+ 2) (G Duwe + 52 Duy ) + x( Ty, — g2~ Tat + =) =fu + wpn (2.1)
8 [
w ('TO:— Dlu, — —a—?— Dlu, —_ —5r— Tlur —_ —a(;—)—' T1u1> =f‘l -+ OPay

Here f, and /, denote the continuations of the functions f° and f,° into the region Q. The
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continuation can be carried out with help of the formulas given in /2/, and ¢y, §y

are unde-
fined functions. We shall seek the structure of the solution in the form
r =05 + 00,,°, u, = Oy + oB,° (2.2)
Substituting (2.2) into (2.1) and carrying out certain transformations based on the linearity
properties of the operators D, and T,, we obtain the following system in terms of ®@,° ®,,°%
( ° 6u)
(A + 2u) Dy, — +®22 7 )=‘F1+ OP12 (2.3)

<1Dn 5 Cng 5 > =¥ 4 0@,
P A
\Fl =f1 — (}» + 2]14 (— Dl(I)u —|— -,— qu)gl) — M (_-(1) Tlmn —i‘u—- Tl(Dll + %)
‘P.?: f-: _ / 50)

(Dll-——qu) 1——T1(D11—'_T1q)21>

where g¢;; and ¢, are new undefined functions. From (2.3) we obtain the expressions for @)°
®,,°, and this enables us to write the structure of the solution (2.2) in the form

1 0] 1
b= TIHp O T T"’ o & O — 0Dy + (24
dw  do du) o
O — IOy + +—— T (Oa—r T(Du—
A 3 Jdo Oy
T w( ) T(Dn—r(o( > IOy — = O 5+ o™y
1 do 1 am
VIZ—T(O—(—,;?E"FW 55 - P — 0D @y —
o 0w A do  do 8
ma—r—-a: TI(D21-———‘}L4_2P‘(D'—0;‘ T(Dn_‘(l)( O)) Tq)ll+
A A du) [}
. ( ____— 11 2.
A2 < 6z) Iy o Tz ©ss
where ®;;(i,j = 1,2) are the undefined components of the structure. Replacing in (2.4) the
expressions
o/ [/
w—i—p— o)D(I),l,oo—(;’—)——mTl(D11 (i=1,2,s=r,2:q=r,z,p=T7,12)

by the difference operators (1.8), (1.12), we can write

Uy =— }\_sz hrfl_%hzf2+(bll '}' (Q;l~1)LDu—
T A L2
Q" )’*1)(1)11—7:5‘;( D ) Dyy +
T z,2 k (D
}»ﬁzp( S e (L )—1)®21+mh 2 0?0y
u::——p—hrfe A+2p. hf1+(D)1+(Qh_1)(D21+
(Q(r, 5 1 d)21+ W( (tz n__ )(D’l +(Q(r r 1)011*'
zZ,2z D
A-g-zu e (08 — )P + A+2p h, (r“ + @0¥Dyy

3. For the mixed problem the structures of the solutions can be written in the form

u, = g+ 0@y -+ 0Dy’ u, = g, + 0,0y + 0y’ (3.1)
where g and g, are the continuations of the functions g,° and g,° into the region £ ,0; = 0is

the equation of the segment 62,, @, @y, ©,,°, Oy° are undefined functions. The structure (3.1)
takes into account the boundary conditions (1.2).

Denoting by s = 0 the equation of the segment 4Q,
tend the boundary conditions (1.3) into Q) 89,

4 2p )<6«), @y, 4 90 6(.;. D(z) >+ x(d«o, 70, — 0, T’”

normalized to the first order, we ex-

urr >=f1+(ﬂszu (3.2)

d9 d " a
u( % piEy, — 22 Di”uz g)rl TP

dw,
— Y uz) ={5 + ©0:Qu1
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Here ¢,, and ¢, are arbitrary functions. In (3.2) and in what follows, the index 2 within
the round brackets means that the operators (differential and difference) are taken with re-
spect to the function ;.

Substituting the expressions for u, and u, from (3.1) into (3.2) and repeating the man-
ipulations carried out when constructing the structure of solutions for the first fundamental
problem, we obtain

1 dw, dm: dw, 0u) 2

®° = o LTI o DD+ o de)“ 4 (3.3)
7;1_—}1 %Ur ";"; T >¢»u — Lz;;( 3o, > o),
(amz) T(Z)(Dzl A -? 2p, 5;): L + 0oy

o= — —uﬁfr’f + o e i "a— "g;f
A—:Zp. <6m,>2 1'(2)(1),, _A_:_gu_ a;.:, d);, + 0@,

D,° =g + 0Py, Oy’ =g + 0P

where @, @,, are the undefined components of the structure.
According to (3.1) and (3.3), the solution structure of the mixed problem written in terms
of the difference operators (1.8), (1.12), will have the form

1 ¢ 1 o
Uy =gy — mh\f’h — b 0@+ (e — 1) O —
(0% — 1Dy ——— e 4‘ (O — 1) B+ '__:‘—(ng)r)—i)(bzla’ -
(O — DO+

(2) 'T‘u
py + o hy —+ 0waDs

U, =g + —hiz'\'fz — m EPf 4+ 0@y + (Unay — 1) Qo+
(Q%?m’ — 1) Dy’ 75 2 (Q‘ézi’ — 1)@= () — 1) Dy

*Fom +2 T (% — 1)Cl311 + p® _Pu’ thy?

‘ H, m -+ 00, Dgy

The structural formulas constructed contain a number of arbitrary functions which can be chosen

so as to satisfy the Lamé equations inside the region @ and to allow due regard to the specific
features of the solutions (action of concentrated forces /1/, influence of the incoming angles
and lines of change in the boundary conditions /4/, etc.). The difference-type structures cor-
responding to the boundary conditions of axisymmetric problems of the theory of elasticity were

realized in the program generator "POLE-3" of the Institute of Mechanical Engineering Problems,
Akad. Nauk USSR.
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